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An iterative method is presented for solving plane strain and plane stress probiems
for homogeneous and isotropic elastic materials. Displacements or some combinailon
of displacements and stresses are prescribed on the boundary of the eiastic solid. The
iterates are evaluated numerically by difference methods. The direct block factoring
method is used to solve the resulting system of algebraic equations. Applications o
specific problems are given. A proof of the convergence of the analytic iterations s
given for problems where the displacements are specified on the entire boundary.

1. INTRODUCTION AND FORMULATION

We present an iterative method for solving plane stress and plane strain problems
for homogeneous isotropic elastic materials. We consider & bounded region I in
the x, y piane, which may be multiply connected. The boundary of 2 is depoted
by B. The arc length along B is s and the outward unit normal and fangent vectors
to B are n(s) = (i, , n,) and €(s) = (1, , 75), respectively. Stresses and/or displace-
ments are prescribed on the boundary B of the elastic body. We wish to deterinine
the resulting displacemenis and siresses in the interior.

The biharmonic boundary value problem,

A2 = pix, y), for x, yin I3, {1
¢ =f(s), n-Vé=g(s), Torx, yonig (i1

a

g

pd

}

is the conventional mathematical formulation of plane sirain and pilane siress
problems if only stresses are prescribed on B. In (1.1) 4 is the two dimensional
Laplacian, ¢ is the Airy stress function and p, /, and g are prescribed functions that
are determined by the applied forces.

In this paper we shall consider plane stress and plane sirain problems where the
displacements or some mixture of displacements and stresses are specifled on B
For these problems, the formulation (1.1) may be awkward. Then it is convenient
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to employ the displacement formulation of plane stress and plane strain. Thus we
consider the displacement vector u(x, y) = [u(x, ¥), v(x, y)]. The displacement
equations of equilibrium are

Au = k(u, — v,),, dv= —k(u, — v,), (1.2a)
where k is defined by

1+, for plane stress, (1.2b)

2k = (1 —w»)Y,  for plane strain,

and v is Poisson’s ratio. The boundary conditions are that at each point of B either
the normal displacement or the normal stress and either the tangential displacement
or the tangential stress are prescribed. That is,

either n-u= D,(s) or Tttty = N(3), (1.2¢)
and
either t-u = Dt(s) or 'rz-,-ti_n,- = T(s), (1.2d)

are prescribed at each point of B. The stresses 7,; = (7, 7, , 7,) are related to the
displacement gradients by Hooke’s law,

E
o = oy + BUy), 7y, = vy + Pu), Tay = m (uy, + v, (1.33)

where E is Young’s modulus and « and § are defined by

[Tf—vg > V], for plane stress,
[o, B] = (I — ) E , _ (1.3b)
a0l —20 T — V], for plane strain.

We shall assume, in all the problems that we consider, that there is an arc of B
on which either D, and/or D, are prescribed. If N and 7 were prescribed on all of B,
then we would employ the formulation (1.1). Prescribing D2, and D, on an arc
B, of B is equivalent to prescribing w on B, . If B, = B, then we call (1.2) the
elasticity Dirichlet problem. If B, == B, then we call (1.2) a mixed problem.

Problem (1.1) is also the conventional mathematical formulation of the classical
Lagrange—Xirchhoff small deflection theory of plates where ¢ is the displacement
of the plate perpendicular to the midplane. The boundary conditions (1.1b) imply
that the displacement and slope are specified on the edge of the plate. The formu-
lation (1.1) may be inconvenient for numerical computations for other boundary
conditions, such as specifying the moment and shear force on the edge. Southwell



[\e]
a2

NUMERICAL SOLUTION OF ELASTICITY PROBLEMS

[1] has introduced an alternative formulation of the Lagrange-Kirchhoff theory in
which 1 and v are “moment potentials” that satisfy (1.2a) withk = (I — v)/(1 -+ »).
The moment and shear boundary conditions are then equivalent to specifying u
and v on B. Thus the method presented in this paper is applicable to a class of plate
bending problems (see e.g. [2]).

We obtain approximate solutions of (1.2) by an accelerated iteration method.
Each iterate is the solution of a boundary value problem for Poisson’s equation,
The iterates are then approximated by solving the Poisson boundary value problem
numerically. We establish the convergence of the iterates to the solution of (1.2}
for the elasticity Dirichlet problem. Applications of the method 1o Dirichlet and
mixed problems are described in Section 4. The numerical results suggest that the
iterations converge for mixed problems.

Special applications of the method are given in [2-4]. The method is related 1o
the iterative procedures previously used for the numerical solution of nonlinear
plate and shell problems (see e.g. [5] and references given therein).

2. Tur ITERATIVE METHOD

We shall describe the iterative method for the elasticity Dirichlet problem.
Typical modifications that are necessary to treat mixed problems are discussed in
Section 4. Thus we wish to solve (1.2a) subject to the boundary conditions,

u(x, y) = 1(s), for x,yonB,

N
b
.
—

where { is a prescribed vector function.
Starting from an initial estimate u®(x, y) of the solution, we define a sequence of
iterates a™{x, ¥) by the recursions,

= (1 n—1 n—1
Aa™ = k™ — vy ™), ,

40" = —k(uy™ —vi™),, forx,yinD, (2.22)
a%(x, y) = (s}, for x, y on B, (2.2b)
w = 0@ + (1 — & w, forx, yin D. {2.2¢}

In (2.2), " is a provisional iterate and the number 8 is the acceleration parameter.
If 6 = 1, then (2.2) are simple iterations.
Each iterate in (2.2) is the solution of the Poisson boundary value problem,
4w = H(x, y), for x,yin D,
w = F(s), for x,yonB, .5
At each step of the iterations A and F are determined from the previous iterates
and the data.
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We now show that the simple iterations converge for sufficiently smooth data.
Applications of the method, some of which are described in Section 4, show that
the rate of convergence can be improved considerably by choosing other values of 0.
We use the conventional notation C,,, (D) for the space of functions defined on D
whose mth derivatives are Holder continuous with positive exponent o« << 1 in
D -+ B. We require that the boundary B and the boundary data f are sufficiently
smooth so that, the elasticity Dirichlet problem and (2.3) have unique solutions,
the iterations (2.2) are defined and the divergence theorem is applicable to D. Thus
we assume that: B is of class C_, ; the initial iterate belongs to C,,(D); f is con-
tinuous and df/ds is piecewise continuous. It follows from the existence and regularity
theory for second order strongly elliptic equations, that the iterations (2.2) are
defined under the above conditions [6]. The results of this section can also be
established with weaker restrictions.

If u is the solution of the elasticity Dirichlet problem, we define U™(x, y) =

[U™(x, y), V"(x, y)] by
U'=u—u" (2.4)

Then we conclude from (1.2a), (2.1), and (2.2) that U is a solution of

A0 = kWi, (2.52)
av' = —kwr, (2.5b)
U= 0, for x, y on B, (2.5¢)
where W*(x, y) is defined by
W= U," — V," (2.5d)

We shall denote the L, norm by || |}, i.e.,

26 )P = [ [ 22 dw dy. 2:6)

In (2.6), and throughout this section, the integration is over the region D. Our
convergence result is stated in the following theorem.

TueoreM. U™ and its first partial derivatives converge to zero in the L, norm
asn — 0.



(A
Gy

NUMERICAL SOLUTION OF ELASTICITY PROBLEMS

Proof. We multiply (2.52) by U" and (2.5b) by V™" and add the resulting
equations. Then we use Green’s theorem and (2.5¢). This vields,

7,2 = J [[VU™ + (VY dxdy = k J Ji” (—U™72 + VY dy dy.

oo p,

{<./}

‘We insert the identity,
__U”LH/;—l + VnW;z~1 — (V-an—l)x . (Uan—l)y + ,VVHWR-I

into the right side of (2.7). Then by applying the divergence theorem to the resuit
and using (2.5¢), we obtain

2=k [ wwdx dy. (2.8)
We estimate the right side of (2.8) by observing that
[[rmpasay < [[ 1007 + @ + vy de dy
= f (VU™E -+ (V™ dxdy + 2 f (U v, — U vy d dy,
The last integral on the right side vanishes because of (2.5¢). Thus (2.9) is reduced to

[Jowmypacay <z.2 (2.10)

We now apply Schwarz’s inequality to the right side of (2.8) and then use {2.10;
in the result. This gives,

ZE<kZZ, . (

[

11y
i iy

Since v must be in the interval 0 < v < §, (1.2b) implies that & < 1 for both plane
strain and plane stress problems. Thus we conclude from (2.11) that

limZ, = 0. {212

"
)
H—>0

j—ry

It follows from (2.12) and (2.7) that the L, norms of the first partial derivatives of
U?and ¥ converge to zero as n — o0.

To complete the proof, we use Poincaré’s inequality. Thus there is a constant
C > 0 such that for any g(x, y) € Cy(D),

)

gl < Cl Vel (2.

prt
[¥F]
Nt
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Since the norms of the first partial derivatives of U” and V'™ converge to zero, we
conclude by inserting g = U” and g = V™ in (2.13) that

lim | U} = 0,

which establishes the theorem.

Thus the iterates that are defined by (2.2) and their first derivatives converge in
the L, norm to the solution of the elasticity Dirichlet problem. The numerical
resulis presented in Section 4 suggest that the theorem is valid for mixed problems.
However, we have not yet been able to prove this result. By suitable modifications
in the proof of the theorem, we can establish a constructive existence theorem for
elasticity Dirichlet problems in two and three dimensions.

3. NUMERICAL METHODS

We evaluate the iterates in (2.2) by obtaining numerical solutions of the boundary
value problem (2.3). Conventional finite difference approximations of (2.3) or the
finite element method yield a system of algebraic equations

Mw=r. 3.1)

The vector w is obtained by appropriately ordering the elements of the mesh
function w;; (or the nodal displacements) that approximate the solution w(x; , ;) of
(2.3) on the mesh (or at the nodes). For each step of the iteration procedure r is a
known vector that is determined by the data and the previous iterates.

If the standard five point or nine point difference approximations of the Laplacian
are used, then the matrix A is of the block tridiagonal form,

B C; O . . . 0
A, By, C, O 0
. 0 A4; By G, 0 0
- 0 . . . > (3-2)
0 e 0 4,1 By Coqy
0 SR 0 A, B,

where A;, B;, C; are matrices. Each of the diagonal matrices B; are square. The
dimensions of the other matrices in (3.2) are consistent with the indicated parti-
tioning. The algebraic equations that are obtained from other difference approxi-
mations or the finite element method may also be of block diagonal form with
possibly a larger number of bands.



NUMERICAL SOLUTION OF ELASTICITY PROBLEMS 27

A fast method must be used to solve (3.1) because we wish to solve large systems
and many iterations may be required for convergence. We emploved either the
five or the nine point difference approximations to the Laplacian in all the problems
studied. Then the matrix M is of block tridiagonal form. We used the direct block
factoring method [7] to solve (3.1).

In this method the matrix M is factored into the product of an upper block
triangular matrix U and a lower block triangular matrix I. That is,

M= LU,

O8]
Ll
S

where, using the notation given in (3.2), L and U are defined by
L = [AI 3 :82‘ ) 0})

AN
)

Lt

In (3.4), I; are unit matrices of the same dimension as B, , and f; and 4, are matrices
that are defined for7 = 1, 2,..., g, by

B:i =B, — Ay, Ve =10 3.5}
Yi = Bi_lci s |

where we define y, = 0. Then by using (3.3), the system (3.1) is equivalent to the
two systems,

The systems (3.6) and (3.7) are of block triangular form. Therefore they can be
solved directly. First we partition r, v and w into subvectors to conform with the
partitioning of L and U. Then the solutions of (3.6) and (3.7} are recursively
given by

B, — Ay, i=152..,4,

W; = Vi — VWi i= q. 4 — 19-”5 k.

v; .
(3.8)

Thus the matrices 4, , y;, B7* are needed to evaluate the solution of (3.1) by
the formulas (3.8). The submatrices 4;, B; and C; are usually sparse. However
fori > 1, B;and vy, are not sparse. The inverses 8, are evaluated by Gauss elimina-
tion with pivotal condensation. Since M does not change from step to step in the
iteration procedure, the 871 and y; matrices are computed only once. They are
stored in the fast access memory of the computer to achieve greater speed of
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computation. However, this storage limits the size of the algebraic systems that we
can consider. The maximum size that we used in our computations was approxi-
mately 1200 equations, although slightly larger systems can be accommodated.
If auxiliary memory devices, such as tapes and discs are employed, then significantly
larger systems can be treated but the speed of computation is then seriously reduced.
The advantages of this method are its speed, once the factoring is completed, and
its applicability to a variety of domains.!

For rectangular or simple regions composed of parallel rectangles, block reduc-
tion and fast Fourier transform methods, e.g. [8, 9], may be applicable. Then the
size of the fast access storage is significantly reduced and more refined meshes can
be used. For the mesh sizes that we used (approximately 600-1200 points), the
factoring and fast Fourier methods are comparable in speed.

If M is of block five diagonal form, then the factoring and block reduction
method presented in [10] can be employed to solve (3.1).

The following numerical convergence criterion was employed,

(Xi,%acﬁesh [ul —u | < 107 3.9)
In most of our calculations we used ¢ = 8. Only small changes in the answers
occurred when larger values of @ were employed. The number of iterations that
are required to satisfy (3.9) depends on the domain, the boundary conditions, the
mesh width and the value of 6.

‘When the numerical iterations satisfied the convergence criterion (3.9), numerical
approximations to the stresses at each point of the mesh were computed from
difference approximations to (1.3a).

4. APPLICATIONS OF THE METHOD

The method was applied to a variety of problems. Dirichlet and mixed problems
were considered. We shall briefly describe some of the numerical results for four
of the problems that we studied. In each problem D is the unit square.
The boundary conditions are summarized in Column 2 of Table I. In Table I,
A and p are defined by

AN =HA =2, b=g707- @D

More general polygonal regions and regions with curved boundaries were also
considered (see e.g. [2,4]).

L1f the domain or the coefficients in (1.2a) vary, then the size and elements of the blocks in the
corresponding matrix M will vary.
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2
v

TABLE 1
Problem
1o. Boundary conditions g~ o
»
u=1r=4_0
1
: u=—A j = A (42 o
=20 i v =0 T “
y=v=9
y A
yu=0v=0
-
I "= | o= 1.42 23
=0 I =20
\
u=v=74_
71
! u=7,=0
| |
. = —4 17 A
i P 8 133
p =10 i ¢ 0
' x
H=m==0
y A
‘ U= Ty = 0
i
v i =0 | =20 ‘o Leo
Toy — —Av"vf" ! I Ty = A vf* o 7
! | x
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Problems I and II are Dirichlet problems. Since Problems III and IV are mixed
problems, it is necessary to modify the iteration procedure (2.2) for them. We
observe that 7, is given by (1.3). Therefore, we replace the boundary condition
(2.2b) on y = 0, 1 for Problem III by

u*' =0, v,"=—Buil=0. (4.2)
Similarly, for Problem IV, the boundary conditions for the iteration method are

u* =0, v, = —uy -+ A(y) = 4, x=0,1,

4.3)
v =0, u,* =0, y=20,1.

For more complicated mixed problems, the modified iteration procedures require
iteration in the boundary conditions.

In all the problems we used v = 0.32 and the plane stress values for «, 8, and £,
see (1.2b) and (1.3b). Furthermore we used

=0 and 6 =1/26 (4.4

in all the computations where 6 is the mesh width in the difference approximation.

Finer meshes can be accommodated with our method. For a mesh with § = 1/26
we determined the unit time 7 for a single iteration on the CDC 6600 computer as
T = 0.206 sec.

We wish to select the acceleration parameter # in (2.2) so as to minimize the
number of iterations necessary to satisfy (3.9). We denote these optimum values
as 0, . Estimates of §, were obtained from numerical experiments. The results are
given in the third column of Table I. The values of 8, depend upon the domain D
and the type of boundary conditions. In Column 4 of Table I we list the number N
of iterations that are required to satisfy (3.9) with the values of 8 given in Column 3.
The total iteration time required to solve each problem is equal to TN ~ .2N. We
observe that N increases significantly as the arc of the boundary on which wu is
prescribed decreases. The iterations converge in each case with § = 1. For example,
for Problem 1, 31 iterations were required for convergence with # = 1 and for
Problem 111, approximately 250 iterations were required with ¢ = 1. The number
of iterations necessary for convergence can be reduced by taking more accurate
initial iterates u® and by decreasing the value of @ in (3.9).

In Fig. 1, we present computer drawn sketches of the numerically determined
displacements and stresses for each of the problems.

For v = 0.32, the plane stress value of k as given by (1.2b) is k& = 0.66. Since 31
iterations were required for Problem I with # = 1, the convergence rate in the
L, norm is, see (2.11), &3 =~ (0.66)*' ~ 10-56. This is reasonably close to the
convergence criterion of 108, see (3.9), which is essentially in the maximum norm.
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the elastic material is
r v = % we have from

Poisson’s ratio is in the range, 0 <{v < . For v = 1,
incompressible and the formulation must be modified. Fo
(1.2b)

k— {3/4, for plane stress,

{1,  for plane strain.
The analysis in Section 2 shows that the iterations converge with § = 1 for all vin
0 < v < 4. Since k(v) is a monotone increasing function, the analysis suggests
that the number of iterations required for convergence increases as v — 1. We
solved Problem I with v = 0.499. Thirty one iterations were required for con-
vergence for the plane stress problem. For the plane strain problem, £(0.499) =
0.998 and it was possible to satisfy (3.9) with = 6 after 625 iterations. Presumably
many more iterations are necessary to satisfy (3.9) with ¢ = 8.

5. CONCLUDING REMARKS

A variety of other iteration procedures can be defined for (1.2). For example,
we can rewrite (1.2a) and hence (2.2a) as

A =~k b oY, A = k0, ()
where k&, is defined by

ko {d+vfl —v), for plane stress,
1—k {11 — 2w, for plane strain.

ke =

Since ky(v) is a monotonically increasing function and /ky(0) = 1, the analysis in
Section 2 suggests that the simple iterations in (5.1) may diverge. This was con-
firmed by numerical experiments. However convergence was obtained with
appropriate values of 8. The convergence of the iterations (2.2) was always faster
than the iterations (5.1).

A finite element formulation proposed by Rashid [11] is equivalent to the
iterations

di* — kiy, = —kvl,, A" — ki, = —kul;". (5.2

In the elasticity Dirichlet problem the submatrices in M corresponding to the first
and second equations in (5.2) are different. This increases the storage requirement.
Furthermore the matrix A and its factors L and U must be recomputed for each
choice of » because & depends on v.
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